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Abstract. In this paper, we study the pricing of contingent claims under 
G-expectation. In order to accomodate volatihty uncertainty, the price of the 
risky security is supposed to governed by a general linear stochastic differential 
equation (SDE) driven by G-Brownian motion. Utilizing the recently developed 
results of Backward SDE driven by G-Brownian motion, we obtain the super- 
hedging and suberhedging prices of a given contingent claim. Explicit results in 
the Markovian case are also derived. 
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1 Introduction 

It is well known that the Black-Scholes formula depends on the underlying 
volatility. Since it is difhcult to forecast the prospective volatility process in 
practice, it is natural to permit volatility uncertainty in contingent claim pricing 
models (see [T]). 

Motivated by measuring risk and other financial problems of volatility un- 
certainty, Peng |19| introduced the notion of sublinear expectation space, which 
is a generalization of probability space. As a typical case, Peng studied a 
fully nonlinear expectation, called G-expectation ]£[•] (see and the refer- 
ences therein), and the corresponding time-conditional expectation £([•] on a 
space of random variables completed under the norm ]E[| • |p]1/p. Under this 
G-expectation framework (G-framework for short) a new type of Brownian mo- 
tion called G-Brownian motion was constructed. The stochastic calculus with 
respect to the G-Brownian motion has been established. For a recent account 
and development of G-expectation theory and its applications we refer the reader 

to [SlEllTsllIilIIHlEllEllEelEHlEg]. 

There are other recent advances and their applications in stochastic calculus 
which consists of mutually singular probability measures. For instance, Denis 
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and Martini [3] developed quasi-sure stochastic analysis and Soner et al. 
have obtained a deep result of existence and uniqueness theorem of 2BSDE. 
Various stochastic control (game) problems and the applications in finance are 

studied in [ini m m m [B] . 

In this paper, we suppose that there are a riskless asset a risky security in a 
financial market. Different from the existing literatures (see [2j [6l [30l [31] ) , the 
price St to the risky security is governed by 

dSt = ritStdt + fitStd{B)t + atStdBt, 

where _B is a G-Brownian motion. For a given contingent claim ^ e Lq^H) with 
maturity time T, we obtain its superhedging and suberhedging prices. Explicit 
results in the Markovian case are also derived. Our study bases on the recently 
developed BSDE driven by G-Brownian motion in ^ and jSj: 

Yt^^ + f{s,Y,,Zs)ds + g{s,Ys,Zs)d{B}s 

T 

ZsdBs-{KT-Kt). 

We mainly utilize the existence and uniqueness theorem in [7] and some impor- 
tant properties such as comparison theorem, Feynman-Kac formula and Gir- 
sanov transformation in 0. 

The paper is organized as follows. In section 2, we formulate our contingent 
claim pricing problem. The main results are given in section 3. In the Appendix, 
we present some fundamental results on G-expectation theory and give proofs of 
the comparison theorem of SDE driven by G-Brownian motion and the Girsanov 
transformation in our context. 




2 Statement of the problem 

There are a riskless asset with return vt and a risky security in a financial 
market. The price St to the risky securities is given by 

dSt = mStdt + fitStd{B)t + cTtStdBt, t < T, (2.1) 

where (rjt), (^t), (at) and (ct"^) are all bounded processes in Mq(0,T). The 
readers may refer to the Appendix to find the basic definitions and fundamental 
results in the G-framework. 

We denote the wealth process by (Yt) and the amount of money invested in 
the security by {^pt) at time t. Then the wealth process follows 

dYt = nYtdt + ibtiiVt - rt)dt + ^ltd{B)t] + ^t^JidBf (2.2) 

Set Zt — ^ptO't, bf — at ^ {rjt — rt) and dt — a^^jif Then (j2.2l) becomes 

dYt = nYtdt + btZtdt + dtZtd{B)t + ZtdBt, (2.3) 

here Z is called the portfolio. In this note, we suppose that every Z E Mq{0, T) 
is an admissible portfolio. 
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At the initial time r G [0,T], consider an investor with initial wealth ij G 
L^iftr) and denote by y^^^^ the unique solution of the following SDE: 

^Y^J'Z.r ^ ^^Y;^.z,r^^ ^ ^^^^^^ ^ dtZtd{B)t + ZtdBt, t e [r, T], 

where Z £ Mq{t,T) is a given portfolio. For a contingent claim ^ S L^{p.T) 
with /? > 2, we define the superhedging set 

Ur = {ri£ L%{n-r) : 3Z e M^{t,T) such that F^'^^^ > q.s.} 

and the superhedging price St = ess infjry : rj G Z^t}- Similarly define the 
subhedging set 

£^ = {?7 e ^gI^t) : 3Z € Mg(0,r) such that '^'^ > q.s.} 
and the subhedging price 5^ = esssupjr/ : rj e £t}- 

Remark 2.1 For t — 0, Ua C K, i/ius 5*0 — inf {y e M : y e Z^o} well defined. 
For T > 0, Sr ^ ess inf {77 : rj G Ut} is defined in the following sense: 

(1) Sr e Ll{nr); 

(2) For each rj € Ut, we have rj > St q-S.; 



(3) If C ^ ^ai^-^) sMc/i that C < Q-s. for each 77 G Ut, then St ^ C 1- 



s. 



In this note, we will show that St is well-posed which is non-trivial due to 
the non- dominated probability measures in V. Similarly, S_t is well defined. 



3 Main results 



3.1 State price process 

We consider the following G-BSDE: 



Yt^i-J {r,Ys + bsZs)ds- J dsZsd{B),-J Z,dB, ~ {Kt - Kt), t <T . 

(3.1) 

In order to introduce the state price process which can be used to solve the G- 
BSDE p.ip . we construct an auxiliary extended G-expectation space (JIt, L^{^t), E*^) 
with nr = Co([0,T],R2) and 



G{A) = - sup tr 

2 a^<v<a2 



A 



V 1 

1 t>-l 



Let {{Bt,Bt)} be the canonical process in the extended space (see [5]). Note 
that {B,B)t = t. 
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By the state price process we mean the unique sohition tt = (vrt) to 

dTTt/TTt = -ndt - btdBt - dtdBt, ttq = 1, (3.2) 

which admits a closed form (see [8i ) : for < t < T, 

TTf = exp{- f^{rs + bsds)ds} exp{- b^dBs - \ b1d{B)s] 
eM-IodsdBs-U^dld{B),}. 

By applying Ito's formula to ivtYt, we obtain 



Yt^Ef[^^],t<T. (3.3) 

TTt 



3.2 Hedging prices 



Theorem 3.1 (Hedging prices) Let £^ G L^(JIt) be a contingent claim. Sup- 
pose that {rt), {rjt), (m*); i^t) o-nd (ctj^^) are bounded processes in Mq{0,T). 
Then the superhedging and subhedging prices at any time r are given by 

and 

Proof. By the definition of subhedging price, it is easy to get from the 
superhedging price Sr- Thus we only need to prove the superhedging price. 

Step 1: We first show that for any r/ eU^, 

r] > E?[— q.s.. 

lirj^Ur, then there exists a. Z e M^{t, T) such that F^'^'^ > i. Thus 

y^".^^- = Y^^^'^^j {r,Y:^^^^^+b,Z,)ds- j d,Zsd{B),-l Z,dB,, t e [t,T]. 

(3-4) 

Let {YtT ZtTKt)t<T be the solution of the G-BSDE (|3.ip corresponding to the 
terminal value y^'^'^. Then by dSH) we get {Yt,Zt,Kt) = (F/'^^''', Zt, 0) for 
t e [r, T]. Let (Yt, Zt, Kt)t<T be the solution of the G-BSDE (|3TT|l corresponding 
to the terminal value Then by dSS]) we have Yt = for t < T. Note 

that Y^'^'^ > ^, then by the comparison theorem of G-BSDEs (see [5]) we 
obtain 

Yr = Y^^^-'^ = v>Yr^ IE?[— e], q-s.. 

TTr 

Step 2: We now prove that ]E^[f^C] = l^r G Z^r- 

For this purpose, we consider the following wealth process (i^)tg[r,T] with 
the initial wealth Y^ and portfolio Z: 

Yt^Yr+ ir,Y, + bsZ,)ds + dJsd{B)s + Z,dB,, t e [t, T]. 
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On the other hand, (Yt, Zt, Kt)t<T is the solution of the G-BSDE (|3.ip corre- 
sponding to the terminal value ^. Thus we get 



Yt = Yr + J^ {rsYs + bsZs)ds + ^ d,Zsd{B), + ZsdBs + Kt - Kr, t e [t,T]. 

Note that K is a. decreasing process, then by the comparison theorem of SDE 
(see Appendix) we obtain Yr >Yt = ^ q.s., which implies that Yt ^Ur- 

This completes the proof. ■ 

Remark 3.2 In the special case where ^ can he perfectly hedged, that is, there 
exist y and Z such that Y^'^'^ = ^, then 



Remark 3.3 Vorbrink (2010) obtains a characterization of hedging prices un- 
der G-expectation. However, in place of our assumption, he adopts the strong 
assumption that rjt = rt and fit = 0, so nt — exp{— Jg r^rfs}. 



3.3 Some special cases 

Suppose that {rt), {at) and (cr^) are deterministic continuous functions on the 
time interval [0, T]. ^ = ^{St) is a contingent claim, where $ : M K is a local 
Lipschitz function, i.e., there exist a constant L > and an positive integer m 
such that 

- <P{x')\ < L(l + + \x'r)\x - x'\. 
We consider the following G-BSDEs: 

Yt = ^{ST)- j {rsYs + bsZs)ds- J dsZsd{B)s-J Z^dBs ~ {Kt - Kt), 

(3.5) 

Yt = -^{ST)-j {rsYs + bJ,)ds~ J dsZsd{B),~J Z.dBs - {Kt ~ Kt)- 

(3.6) 

By (|3.3|) and Theorem 13. 11 we have St — Yt and S_t ~ —Yt- 

By applying Ito's formula to exp{— rgds^Yt, we obtain that Yt — exp{— J* rsds}Yt, 

Zt = exp{— Jq rsds}Zt and Kt — Jq exp{— JJ' r^ds^dKu is the solution of the 
following G-BSDE: 

Yt = exp{- / r,ds}^{ST)- I bsZ.ds- [ dsZ,d{B)s- [ Z,dB,^{kT-kt). 
Jo Jt Jt Jt 

/3.7) 

By the Girsanov transformation (see Appendix), we can define a consistent 
sublinear expectation (Et[-])t<T such that Bt — Bt + Jq bgds + J^^ dsd{B)s is 
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a G-Brownian motion and Kt is a martingale under E. Thus equation p.7p 
becomes 



Yt + {Kt ~ Kt) = exp{- [ r^dsj^Sr) - / ZsdB,. (3.8) 

Jo Jt 



'0 Jt 

Taking Ef on both sides of equation p.8|) . we obtain 



Jo 

= exp{- / rsds}EtMST)] 
Jo 



= exp{-^ r,ds}Et[$(5texp(^ r,ds~^J^ a'j{B)s+J^ asdB,))] 
= exp{-^ rsds}Et[^{Stexp{J^ rsds ~ ^ ar^,d{B)s+J^ a,dB,s))] 
= exp{-^ r,ds}Et[^{xexp{J^ ^sds ~ ^ ald{B)s + j^ (J,dBs))]x=St 
= exp{-^ rsds}E[<i>{xexp{J^ r^ds - ^ a^,d{B),+J^ a ,dB s))]x=St 
= exp{-^ r^ds}E[$(xexp(^ r^ds-^J^ cjld{B),+j^ (TsdB,)%^Sf 
Thus we can get the following theorem. 

Theorem 3.4 Suppose that {rt), [at) and (c^"^) are deterministic continuous 
functions on the time interval [0,r]. Let ^ ~ ^(S't) he a contingent claim, 
where $ ; R — > M is a local Lipschitz function. Then 

Sr=exp{-J rsds}E[<l>{xexp{J r^ds - ^ J ald{B), + j a,dB,))]^=St 

(3.9) 

and 

S^ = -exp{-J r,ds}E[-^{xexp{J r^ds-]^ j ald{B),+j CFsdBs))]x=Sf 

(3.10) 

For each (r, a;) G [0, T] x M, we set 



'T,x)=exp{-J rsds}E['^>{xexp{J rsds-^J ald{B)s+j asdB,)). 

(3.11) 

Then St — m(t, 5't) and u is the unique viscosity solution of the following 
PDE (see Theorem 4.5 in [8J: 

dtu + G{{atx)^d^^u) + rtxdxU — rtu — 0, 
u{T,x) = <^{x). 



u 
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Example 3.5 We study the super and suhhedging prices of a European call 
option. Let the parameters in equation \2.1\) be constants, i.e. 



rjt := ri, := M a"*^ f^t 1- 

Then the price process (St) becomes 

dSt = r]Stdt + iiStd{B)t + StdBt. 

Suppose further that rt = r and r is a constant. Thus bt = rj — r, dt = and 
the state price is 

TTt = exp{-^(?7-r)t}exp{-rt-(77-r)Bt-i(ry-r)2(B)Jexp{-^Bt--i/i2(B)J. 

Consider a European call option on the risky security that matures at date T 
and has exercise price K . The super and subhedging prices at t can be written 
in the form c(St,t) and c{St,t) respectively. At the maturity date, 

c{St, T) = c(5t, T) = max[0, St-K] = $(5t). 
By Theorem \3.1[ 

c{St,t)=E^\ 



c{Sut)=Ef[^<i>{ST)] 



c{St,t) = -tf[-^<P{ST)]. 

By the PDE approach, we obtain the following equations: 

dtc + sup {^vS^dlsc} + rSdsc - re = 0, c(5, T) = $(5) 



- 2 



and 



dtc - sup {~\vS'^dlsc} + rSdsc - rc = 0, c{S, T) = $(5). 



Because $(•) is convex, so is c{-,t). It follows that the respective suprema in the 
above equations are achieved ata^ and , and we obtain 

dtc + \a^S^dlsc + rSdsc - rc = 0, c(5, T) = $(5) 

and 



dtc + ^a S^di;sC + rSdsc - rc = 0, c{S, T) = $(5). 



Therefore, 



c{St,t) = EP'[^'^{ST))\H 
and 

c{Sut)^EP^[^^{ST)\H- 

In other words, the super and subhedging prices are the Black-Scholes prices 
with volatilities ct and a respectively. 

Remark 3.6 In the above example, we find that the super and subhedging prices 
are independent of r] and /u. 
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4 Appendix 



We review some basic notions and results of G-expectation, the related spaces 
of random variables and the backward stochastic differential equations driven 
by a G-Browninan motion. The readers may refer to [7], [H], [20]; [H], P^ - 
P5] for more details. 

Definition 4.1 Let fl be a given set and let H be a vector lattice of real valued 
functions defined on fl, namely c G "H for each constant c and \X\ ^ % if X ^ %. 
% is considered as the space of random variables. A sublinear expectation onH 
is a functional E : H — )• M satisfying the following properties: for all X,Y Cz %, 
we have 

(a) Monotonicity: If X>Y then t[X] > t[Y]; 

(b) Constant preservation: E[c] = c; 

(c) Sub-additivity: t[X + Y]< t[X] + t[Y]; 

(d) Positive homogeneity: ¥\\X] = XE\X] for each A > 0. 

(rjj'HjE) is called a sublinear expectation space. 

Definition 4.2 Let Xi and X2 be two n-dimensional random vectors defined 
respectively in sublinear expectation spaces (r2i,Hi,Ei) and (f22, H2, IE2). They 

are called identically distributed, denoted by Xi = X2, if^i[ip{Xi)] = E2[((9(v\'2)], 
for all ifi e G/.Lip(M"), where Gz.Lip(]R") is the space of real continuous functions 
defined on M" such that 

<G(l + |a;|^ + |y|'=)|a;-2/| for all x,y e R'', 
where k and C depend only on tp. 

Definition 4.3 In a sublinear expectation space (S1,H,E), a random vector 
Y = (^i,' • ■,Yn), Yi G H, is said to be independent of another random vec- 
tor X — {Xi, ■ ■ ■jXrn), Xi Cz H under E[-], denoted by YJ-X, if for every test 
function (p G G;.Ljp(K™ x M") we have E[ip{X,Y)] ^ E[E[ip{x,Y)l:,^x]- 

Definition 4.4 (G-normal distribution) A d-dimensional random vector X = 
(Xi,- • -jXd) in a sublinear expectation space iyi.I-L.E) is called G-normally 
distributed if for each a,b > we have 

aX + bX= + b^X, 

where X is an independent copy of X , i.e., X ^ X and XJlX. Here the letter 
G denotes the function 

G{A) i]E[(AX,X)] :§d^R, 
where Sd denotes the collection of d x d symmetric matrices. 
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Peng [22] showed that X = {Xi,- ■ -.Xd) is G- normally distributed if and 
only if for each G Ci.Ltpi^'^), u{t,x) := t[(p{x + ^^tX)], {t,x) e [0,oo) x W^, 
is the solution of the following G-heat equation: 

dtu - G{Dlu) = 0, u(0, x) (p{x). 

The function G(-) : — > M is a monotonic, sublinear mapping on S^j 
and G{A) = ^t[{AX,X)] < ^\A\E[\X\^] =: ^\A\a^ implies that there exists 
a bounded, convex and closed subset F C Sj" such that 

G{A) = isuptr[7^], 

where §J denotes the collection of nonnegative elements in S^. 

In this paper, we only consider non-degenerate G- normal distribution, i.e., 
there exists some > such that G{A) - G{B) > a^tj:[A - B] for any A> B. 

Definition 4.5 i) Let = Go([0, T]; R''), the space of real valued continuous 
functions on [0, T] with luq = 0, be endowed with the supremum norm and let 
Bt{ijj) — Ldt be the canonical process. Set 

n°T {ipiBt,,...,BtJ : n > l,ti,...,t„ G [0,r],^ G G.L,p(R'*>^")}. 

Let G : Sd ^ R be a given monotonic and sublinear function. G-expectation is 
a sublinear expectation defined by 

E[X] = E[(p{Vh^^i, ■ ■ •, V^m-U-iC™)], 

for all X = (p{Bti - Bt^^Bt^ - Bt^,- ■ ■,Bt^ - Bt^_^), where ^i,- • -,5^,-, are 
identically distributed d-dimensional G-normally distributed random vectors in 
a sublinear expectation space {Q,'H,E) such that^i-^^i is independent o/(^i, 
for every i = 1, • • •, m — 1. The corresponding canonical process Bf = {BDf^-^ is 
called a G-Brownian motion. 

a) Let us define the conditional G-expectation Et of ^ CI Hj^ knowing Ti.^, for 
t g [0,T]. Without loss of generality we can assume that ^ has the representation 
£, = ifiBt^ - Bta,Bt.2 - Bt^,- ■ ■,Bt,^ - Bt,^_^) with t = t^, for some 1 <i <m, 
and we put 

EMBt, ~ Bt„,Bt, - Bt„- ■ ■,Bt,„ - Bt„^_,)] 
= v{Bti - Btg,Bt2 - Bt^,- ■ -^Bt- - Bt^_-^), 

where 

ip{xi, ■ ■ ■,Xi) = E[ip{xi, ■ ■ -.Xi.Bt,^^ - Bt,,- ■ -^Bt^ - Bt^_J\. 

Define ||C||p,G = {E[\S,\p]Y/p for <E U^t and p > 1. Then for all t £ [0,T], 
Et[-] is a continuous mapping on TL^ w.r.t. the norm || • ||i,g- Therefore it can be 
extended continuously to the completion £^($1^) of "H^ under the norm || • ||i,g. 

Let L^pinr) := MBt,, BtJ : n > l,ti, ...,tn € [0, T], G Gb.L,p(M^^")}, 
where Gb.Lip(K''^") denotes the set of bounded Lipschitz functions on M''^". 
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Denis et al. [1] proved that the completions of Cbi^lr) (the set of bounded 
continuous function on fir), Lip^flx) under |j • \\p^G are the same and 

we denote them by ^^(riT)- 

For each fixed a e R'^, Bf (a, Bf) is a 1-dimensional Ga-Brownian motion, 
where G.(a) = -a\^^a-), al^^ = 2G(aa^), a\^^ = -2G(-aa^). 

Let TT^ = {tQ , • • • , t^}, N — 1,2, ■ ■ ■ , he a. sequence of partitions of [0, t] such 
that /^(tt^) = max{|i^j ~ ■ i — 0, - ■ ■ , — 1} — >■ 0, the quadratic variation 
process of B'^ is defined by 

{B^)t= Km yiB% -B%f. 
For each fixed a, a e M'', the mutual variation process of B'^ and B'^ is defined 

by 



Definition 4.6 Let Mq{0,T) be the collection of processes in the following 
form: for a given partition {to, ■ ■ -jiAr} = ttt of [0,T], 

where G Ljp(f2fJ, i = 0, 1, 2, • • •, - 1. For p > I and r] e M^{0,T), 
let hll^P = mi;i^\7j4^dsr/^]y/P, M^^^ = {E[/„^|r;,|fds]}Vp and denote 
by Hq(0,T), Mq{0,T) the completions of Mq(Q,T) under the norms \\ ■ Wh^j 
II ■ IIm*" respectively. 



Theorem 4.7 ('^I^'j There exists a weakly compact setV C Mi{Q,t), the set 
of probability measures on {VtT,B{VtT)), such that 

= sup Ep[i] for all ^ e H^. 

Pev 



V is called a set that represents E. 



Let P be a weakly compact set that represents E. For this V, we define 
capacity 

c{A) supF(A), A^B{VtT). 
Pev 

A set A C rir is polar if c{A) = 0. A property holds "quasi-surely" (q.s. for 
short) if it holds outside a polar set. In the following, we do not distinguish two 
random variables X and y if A = y q.s.. 

Definition 4.8 A process {Mt\ with values in Lq{Q,t) is called a G-martingale 
i/E^Mf] = Ms for any s<t. 
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Let ^0(0, T) = {h{t, Bt,M, ■ --.Bt^^t) : ti, . . . , G [0, T], ft e C6,L,;p(R"+i)}. 
For p > 1 and 77 € S%{Q,T), set Ms^ = {E[sup,g[o,T] Denote by 

5^(0, T) the completion of S%{Q,T) under the norm || • ||sp . 

We consider the following type of G-BSDEs (in this paper we always use 
Einstein convention): 

Yt=^ + j^ fis,Ys,Zs)ds + g,j{s,Y„Zs)d{B\B^)s 

^ Z,dBs-{KT-Kt), (4.1) 

where 

f{t,uj,y,z),g^j{t,uj,y,z) : [0, T] x x M x M'^ ^ M 
satisfy the following properties: 

(HI) There exists some /3 > 1 such that for any y, z, /(•, •, y, z),gij{-, -jy^z) g 
M^(0,r); 

(H2) There exists some L > such that 

d 

\f{t,y,z)-f{t,y\z')\+Y, \g^J{t,y,z)-g,,{t,y',z')\ < L{\y~y'\ + \z~z'\). 

For simplicity, we denote by 6^(0, T) the collection of processes (Y,Z,K) 
such that y e 5g(0, T), Z € ifg(0, T; R'^), K is a decreasing G-martingale with 
Ko = and Kt G ^^(f^T)- 

Definition 4.9 Let £, e L'^ci^T) and f satisfy (HI) and (H2) for some 13 > \. 
A triplet of processes {Y, Z, K) is called a solution of equation \4-l\) if for some 
1 < a < (3 the following properties hold: 

(a) (r,Z,if) e©g(0,T); 
(b) Yt^i + fis,Y,,Z,)ds + g,jis,Y,,Z,)d{B\B^),-J^ Z,dBs-iKT~ 

Theorem 4.10 (^) Assume that ^ € L^lflx) and f, gij satisfy (HI) and 
(H2) for some (3 > 1. Then equation has a unique solution {Y,Z,K). 

Moreover, for any I < a < P we have Y e S'g(0,r), Z e i/g(0,T;M'*) and 
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4.1 Comparison theorem of SDEs 

Let r £ [0,T] and ?/ G Lq(57t-), we consider the following type SDE: 

Xt = r] + J^ b{s,Xs)ds + h{s,Xs)d{B)s+ a{s,X,)dBs + Vt-Vr, (4.2) 

where 6, h, a are given functions satisfying b{-,x), h{-,x), <t{-,x) G Mq{t,T) for 
each x e M and the Lipschitz condition, i.e., 

|6(i,x) - b{t,x')\ + \h{t,x) - hit,x')\ + |cr(t,x) - a{t,x')\ < K\x-x'\; 

{Vt)te[T,T] is a given RCLL process such that IE[sup(gj^j.] l^tP] < oo- Peng [23] 
proved that the above SDE has a unique solution X e Mq (r, T) . 

Theorem 4.11 Let (X()tg[,- 7-] , i — 1,2, be the solutions of the following SDEs: 

X\ = V' + bds, Xl)ds + ^ h,{s, Xl)d{B)s + ^ a{s, XDdB^ + Vl - V;. 
If ^ y bi > 62; hi > /i2; — is an increasing process, then X} > Xf . 
Proof. We have 

Xt=fi + J bsds + J h,d{B)s+J a,dBs + Vt-Vr, 

where Xt = X^ ~ X^ ff = r,^ - t^"", bs = foi(s, X}) - 62(3, X^), k = hi{s, Xl) - 
h2{s,X^), (7s = a{s,Xl) ~ a{s,Xf), Vt = V^ ~ . For each given e > 0, we 
can choose Lipschitz function l{-) such that I[-e.e] ^ ^{^) ^ ^[-2£,2£]- Thus we 
have 

bi{s,Xl) - bi{s,Xl) = {bi{s,Xl) - bi{s,XlmXs) + blXs, 

where 6^ = {l-l{Xs)){bi{s, Xl)-bi{s, X^^))X-^ G MI{t,T) such that < K. 
It is easy to verify that 

\{bi{s,Xl)-bi{s,Xl))l{Xs)\ <K\Xs\l{Xs)<2Ke. 

Thus we can get 

bs = b^Xs +ms + ml, hs = h^Xs + + o's = crf-^s + 

where |m^| < 2Ke, K| < 2i4:e, \ll\ < 2Ke, rus = 6i(s, X^) - ^2(3, X^) > and 
ns = hi{s,Xl) - h2{s,X'l) > 0. Let be the solution of the following SDE: 

r? = 1 - ^* blTlds - j\hl - {al,f]Vld{B)s - J' a^TldBs. 

By applying Ito's formula to TfXt, we obtain that 

Xt > {Vir'[j\lTlds + j\nl-olll)Tld{B)s+ j'^mdBs]. 

Note that Ff = exp(- b^ds - J^[hl ~ \ {(jl)^]d{B)s - jl aldBs), thus we can 
get i't > by letting e ^- 0. □ 
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4.2 Girsanov transformation 



We consider the following G-BSDE: 

'^t = ^ + J^ bsZsds + J^ dsZsd{B}s-J^ ZsdBs-{KT-Kt), 

where {bt)t<T and {dt)t<T are bounded processes. For each ^ e Lq{Qt) with 
P > 1, define 

By Theorem 5.1 in |5], we know that E([-] is a consistent sublinear expectation. 
Theorem 4.12 (I8j) Let {bt)t<T and {dt)t<T be bounded processes. Then 

(1) Bt '■= Bt — /q bsds — dsd{B)s is a G -Brownian motion under E; 

(2) for any decreasing G-martingale K with Kq — and Kt G Lq(P,t) for 

some P > \, we have 'E,t[KT\ = Kt; 

(3) the quadratic variation process of B under E equals to (B) . 

Proof. (1) and (2) can be found in We only prove (3). For each fixed t > 0, 
it is easy to check that 

n-l 

hm E[\Y,\B^t-B^f-{B}tf]=0. 

i=0 

By Proposition 3.7 in we can get E[| ^"Jg^ - B^^f ~ {B)t\^] 

as n — oo for some /3 € (1, 2). On the other hand, ]E[| J27=o l-^i±it ~ B±f.\'^ — 
{B)tf] ^ as n ^ oo. Thus {B)t = {B)t under E. □ 
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